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Abstract. It is often claimed that 98% of the nucleon mass is generated
by quantum chromodynamics. The decomposition of the nucleon mass
based on the trace of the energy-momentum tensor suggests that gluons
play by far a dominant role. About 25 years ago, Ji proposed another
decomposition based on the energy component of the energy-momentum
tensor, leading to a quite different picture. Recently, we critically re-
visited these decompositions and argued that both overlooked pressure
effects. In particular we showed that Ji’s decomposition, although math-
ematically correct, makes little sense from a physical point of view. We
identify the proper mass decomposition along with a balance equation
for the pressure forces.
Keywords: Nucleon mass, quark and gluon pressure, energy-momentum
tensor
1 Introduction
While the Brout-Englert-Higgs mechanism generates the current quark masses,
it accounts only for about 2% of the nucleon mass. The remaining 98% comes
from the relativistic kinetic energy and the strong interactions confining quarks
and gluons inside hadrons [1,2], described by quantum chromodynamics (QCD).
The question of the origin of the nucleon mass can be addressed based on
the QCD energy-momentum tensor (EMT)
T µν = ψγµ i2
↔
Dνψ −GaµλGaνλ +
1
4 η
µνG2, (1)
where ψ is the quark field,
↔
Dµ =
→
∂µ−
←
∂µ−2igAaµta is the symmetric non-abelian
covariant derivative, Gaµν is the gluon field strength, and ηµν is the Minkowski
metric. The sum over the quark flavors is implicit. Note that in Particle Physics
there is no fundamental reason for requiring the EMT to be symmetric [3,4].
Beside the classical term ψmψ, the trace of the renormalized EMT
T µµ =
β(g)
2g G
2 + (1 + γm)ψmψ, (2)
includes anomalous quantum contributions involving the β function and the
anomalous quark mass dimension γm, see e.g. [5,6,7,8].
In the following, we critically review the two standard mass decompositions
found in the literature, and propose a new one free of the problems associated
with the former [9,10].
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2 Standard decompositions
2.1 Trace decomposition
Using the covariant normalization
〈P ′|P 〉 = 2P 0 (2pi)3 δ(3)(P ′ − P ), (3)
Poincare´ invariance imposes that the forward matrix elements of the total EMT
in a nucleon state with momentum P take the form [11]
〈P |T µν(0)|P 〉 = 2PµP ν . (4)
Considering the trace of this expression and using Eq. (2), one finds that
2M2 = 〈P |β(g)2g G
2|P 〉+ 〈P |(1 + γm)ψmψ|P 〉. (5)
Since the second term is known to give a rather small contribution, this picture
suggests that most of the nucleon mass comes from gluons [12,13,14].
Although manifestly covariant, we find that the physical interpretation of
this decomposition is somewhat misleading for the following reasons:
1. We know from QuantumMechanics that we are in principle free to choose the
normalization of states since physical quantities associated with an operator
O are expressed as 〈Ψ |O|Ψ〉/〈Ψ |Ψ〉. The standard trace decomposition does
not involve the normalization factor 1/〈P |P 〉 and appears to be manifestly
covariant only because of the particular choice (3).
2. The relation between the trace of the EMT and the nucleon mass holds only
at the level of the matrix elements and for the total EMT. At the operator
level, it is knot known how to relate the individual operators β(g)2g G
2 and
(1+ γm)ψmψ to actual gluon and quark contributions to the nucleon mass.
Note that the forward matrix elements of any scalar operator are necessarily pro-
portional to some power of the nucleon mass, since the latter is the only natural
scale at our disposal. If we followed the same logic as with the trace operator,
many of these scalar operators would lead to quite different “decompositions”
of the nucleon mass. In summary, although the decomposition (5) is mathemat-
ically correct, one has to be very careful with the physical interpretation of the
individual terms.
2.2 Ji’s decomposition
A decomposition of the nucleon mass analogous to the virial theorem for a har-
monic oscillator and the hydrogen atom has been proposed by Ji [15,16]. The
idea is to decompose first the renormalized QCD EMT into traceless and trace
parts
T µν = T¯ µν + Tˆ µν with Tˆ µν = 14 η
µνTαα. (6)
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The traceless part is then further decomposed into quark and gluon contribu-
tions, whereas the trace part is further decomposed into quark mass and trace
anomaly contributions
T µν = T¯ µνq + T¯
µν
g + Tˆ
µν
m + Tˆ
µν
a . (7)
The corresponding forward matrix elements can be written as
〈P |T¯ µνq (0)|P 〉 = 2 a(µ
2)
(
PµP ν − 14 η
µνM2
)
, (8)
〈P |T¯ µνg (0)|P 〉 = 2 [1− a(µ
2)]
(
PµP ν − 14 η
µνM2
)
, (9)
〈P |Tˆ µνm (0)|P 〉 =
1
2 b(µ
2) ηµνM2, (10)
〈P |Tˆ µνa (0)|P 〉 =
1
2 [1 − b(µ
2)] ηµνM2, (11)
where the coefficients a(µ2) and b(µ2) depend generally on the renormalization
scheme and scale µ.
According to the Hamiltonian formalism, the mass of a system is identified
with the total energy defined in the rest frame. Ji then proposed to decompose
the nucleon mass as
M =Mq +Mg +Mm +Ma, (12)
where the various contributions on the right-hand side are defined as
Mi =
〈P |Hi|P 〉
〈P |P 〉
∣∣∣∣
P=0
i = q, g,m, a (13)
with
Hq =
∫
d3r ψ†(iD ·α)ψ, (14)
Hg =
∫
d3r T¯ 00g (r), (15)
Hm =
∫
d3r
(
1 + 14 γm
)
ψmψ, (16)
Ha =
∫
d3r Tˆ 00a (r). (17)
Note that the QCD equations of motion have been used to rearrange quark mass
contributions between T¯ 00q and Tˆ
00
m . Using the parametrization in Eqs. (8)-(11),
one finds that Mq =
3
4
(
a− b1+γm
)
M , Mg =
3
4 (1− a)M , Mm =
1
4
4+γm
1+γm
bM ,
and Ma =
1
4 (1− b)M .
Sometimes, Ji’s decomposition is criticized because it is obtained in the nu-
cleon rest frame [13]. We do not consider this as an actual problem since most
of the physical quantities, like e.g. energy and momentum, are known to be
frame-dependent. For massive systems like the nucleon, the rest frame plays
a special role and is commonly chosen as the preferred frame for a decompo-
sition. Note also that if one insists on manifest Lorentz invariance, it is al-
ways possible to trade a frame-dependent quantity defined in a particular frame
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for a frame-independent quantity with simple interpretation in that particu-
lar frame only [17,3]. The archetypical example is the four-momentum squared
p2 = (p0)2−p2 = m2, wherem = p0|p=0 represents the rest-frame energy. In the
case of Ji’s decomposition, a covariant form can formally be obtained by trading
〈T 00〉|P=0 for the Lorentz-invariant quantity 〈T
µνuµuν〉, where u
µ = Pµ/M is
the nucleon four-velocity.
The actual problem with Ji’s decomposition is that although T 00, T¯ 00 and
Tˆ 00 all have the dimension of energy densities, they correspond to different ther-
modynamic potentials. This is not apparent because the non-covariant treat-
ment, focused on the µ = ν = 0 component in the rest frame, is unable to
distinguish pressure-volume work from other forms of energy. In summary, al-
though Ji’s decomposition (12) is also mathematically correct, it amounts to
adding apples and oranges since all four individual contributions correspond to
four different combinations of internal energy and pressure-volume work.
3 New decomposition
Lorentz covariance implies that the mass decomposition follows directly from a
decomposition of the EMT. Since the various components of the EMT corre-
spond to different mechanical properties, one should not consider a decomposi-
tion based on the tensor structure like in Eq. (6), but rather a decomposition
based on the sole nature of the constituents. The QCD EMT can naturally be
decomposed into quark (i = q) and gluon (i = g) contributions T µν =
∑
i T
µν
i .
The corresponding forward matrix elements in a nucleon state read [18,3]
〈P |T µνi (0)|P 〉 = 2P
µP νAi(0) + 2M
2ηµνC¯i(0), (18)
where Ai(0) and C¯i(0) are two gravitational form factors (GFFs) evaluated at
zero momentum transfer. Poincare´ invariance (4) implies that
∑
iAi(0) = 1 and∑
i C¯i(0) = 0. Defining the quark and gluon contributions as
T µνq ≡ T¯
µν
q + Tˆ
µν
m and T
µν
g ≡ T¯
µν
g + Tˆ
µν
a , (19)
these GFFs can easily be related to Ji’s coefficients as follows ai = Ai(0), bi =
Ai(0) + 4 C¯i(0).
If we average the expectation value of T µνi over the nucleon volume V =
V M/P 0
〈〈T µνi 〉〉 ≡
1
V
〈P |
∫
d3r T µνi (r)|P 〉
〈P |P 〉
=
〈P |T µνi (0)|P 〉
2M2
M
V
, (20)
we find using uµ = Pµ/M [9,10]
〈〈T µνi 〉〉 = (εi + p¯i)u
µuν − pi η
µν (21)
with
εi = [Ai(0) + C¯i(0)]
M
V
and pi = −C¯i(0)
M
V
. (22)
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The structure in Eq. (21) is similar to that of an element of perfect fluid in
relativistic hydrodynamics and allows us to interpret εi and pi as partial proper
internal energy density and isotropic pressure averaged over the nucleon, respec-
tively. Both are expressed in Eq. (22) in units of the average density M/V .
Multiplying εi and pi by the nucleon proper volume V , we obtain the partial
internal energy and pressure-volume work
Ui = εiV = [Ai(0) + C¯i(0)]M, Wi = piV = −C¯i(0)M (23)
which satisfy the sum rules
M =
∑
i
Ui, 0 =
∑
i
Wi (24)
derived from Poincare´ invariance (4). The first sum rule is nothing but the mass
decomposition we were looking for. The second sum rule expresses the stability
of the nucleon by imposing that the total pressure forces must balance between
the various parts of the system.
4 Discussion
Now that internal energy and pressure-volume work contributions are well iden-
tified, we can unravel the meaning of the old decompositions. Starting with the
trace decomposition (5) divided by 2M , we see that it does not correspond to
a decomposition of the total energy of the system, but rather to a decomposi-
tion of the interaction measure I =
∑
i Ii with Ii = Ui − 3Wi. Since the total
pressure-volume work vanishes, the total interaction measure coincides with the
nucleon mass I = M . The fact that the gluon contribution dominates Ig ≫ Iq
does not mean that it is responsible for most of the nucleon mass as claimed e.g.
in [12,13,14]. It turns out in fact that the nucleon mass is more or less equally
shared between quarks and gluons Uq ≈ Ug [9,10]. What the dominance of the
gluon contribution to the interaction measure indicates is that the gluon aver-
age pressure pg = −pq is large and negative. In average, gluons are therefore
responsible for the net attractive forces inside the nucleon, balanced by the net
repulsive forces associated with quarks.
Turning now to Ji’s decomposition, we find that using the definition of quark
and gluon EMT given in Eq. (19), the four terms in Eq. (12) correspond to the
following combinations of average internal energy and pressure-volume work
Mq =
3
4
1
1+γm
[γmUq + (4 + γm)Wq ] , (25)
Mm =
1
4
4+γm
1+γm
(Uq − 3Wq) , (26)
Mg =
3
4 (Ug +Wg) , (27)
Ma =
1
4 (Ug − 3Wg) . (28)
Clearly, each term Mi represents a different physical quantity. One is adding
apples and oranges, which is not something we would like for a genuine mass
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decomposition. In order for Ji’s decomposition to make sense, one has to give
up something. If one sacrifices covariance, one can impose from the onset the
further decompositions Uq =Mq+Mm and Ug =Mg+Ma, keeping the pressure-
volume works unchanged. If one wants to preserve covariance, one then has to
treat T¯ µνi and Tˆ
µν
i as actual separate EMTs. In that case, one is fixing arbitrarily
the equation of state of the individual contributions because of the restriction on
the Lorentz structure. For example, the gluon contribution in Ji’s decomposition
is divided into kinetic+potential energy treated as a pure radiation p¯g =
1
3 ε¯g,
and trace anomaly treated as a cosmological constant pˆa = −εˆa. In other words,
a covariant decomposition into four terms can only be achieved by combining in
an arbitrary way the two a priori independent sum rules (24) into a single one.
Acknowledgement
This work is a result of discussions held at the workshop “The Proton Mass: At
the Heart of Most Visible Matter” at the ECT* Trento, on 3-7 April 2017. It
has been supported by the Agence Nationale de la Recherche under the project
ANR-16-CE31-0019.
References
1. M. Schumacher, Annalen Phys. 526, no. 5-6, 215 (2014).
doi:10.1002/andp.201400077
2. H. Gao, T. Liu, C. Peng, Z. Ye and Z. Zhao, The Universe 3, no. 2, 18 (2015).
3. E. Leader and C. Lorce´, Phys. Rept. 541, no. 3, 163 (2014).
doi:10.1016/j.physrep.2014.02.010
4. C. Lorce´, JHEP 1508, 045 (2015). doi:10.1007/JHEP08(2015)045
5. R. J. Crewther, Phys. Rev. Lett. 28, 1421 (1972). doi:10.1103/PhysRevLett.28.1421
6. M. S. Chanowitz and J. R. Ellis, Phys. Lett. 40B, 397 (1972). doi:10.1016/0370-
2693(72)90829-5
7. S. L. Adler, J. C. Collins and A. Duncan, Phys. Rev. D 15, 1712 (1977).
doi:10.1103/PhysRevD.15.1712
8. N. K. Nielsen, Nucl. Phys. B 120, 212 (1977). doi:10.1016/0550-3213(77)90040-2
9. C. Lorce´, Eur. Phys. J. C 78, no. 2, 120 (2018). doi:10.1140/epjc/s10052-018-5561-2
10. C. Lorce´, H. Moutarde and A. P. Trawinski, arXiv:1810.09837 [hep-ph].
11. R. L. Jaffe and A. Manohar, Nucl. Phys. B 337, 509 (1990). doi:10.1016/0550-
3213(90)90506-9
12. M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Phys. Lett. 78B, 443 (1978).
doi:10.1016/0370-2693(78)90481-1
13. C. D. Roberts, Few Body Syst. 58, no. 1, 5 (2017). doi:10.1007/s00601-016-1168-z
14. G. Krein, A. W. Thomas and K. Tsushima, Prog. Part. Nucl. Phys. 100, 161
(2018). doi:10.1016/j.ppnp.2018.02.001
15. X. D. Ji, Phys. Rev. Lett. 74, 1071 (1995). doi:10.1103/PhysRevLett.74.1071
16. X. D. Ji, Phys. Rev. D 52, 271 (1995). doi:10.1103/PhysRevD.52.271
17. P. Hoodbhoy, X. D. Ji and W. Lu, Phys. Rev. D 59, 074010 (1999).
doi:10.1103/PhysRevD.59.074010
18. X. D. Ji, Phys. Rev. Lett. 78, 610 (1997). doi:10.1103/PhysRevLett.78.610
